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Abstract. In this paper, a class of indecomposable positive finite rank elementary operators 
of order (n, n) are constructed. This allows us to give a simple necessary and sufficient 
criterion for separability of pure states in bipartite systems of any dimension in terms of 
positive elementary operators of order (2, 2) and get some new mixed entangled states that 
can not be detected by the positive partial transpose (PPT) criterion and the realignment 
criterion. 

1. Introduction 

Entanglement is a basic physical resource to realize various quantum information and quan- 
tum communication tasks such as quantum cryptography, teleportation, dense coding and key 
distribution |14j . Let H and K be separable complex Hilbert spaces. Recall that a quantum 
state is a density operator p E B(H (g) K) which is positive and has trace 1. Denote by S{H) 
the set of all states on H ® K. If H and K are finite dimensional, p E S{H ® K) is said to 
be separable if p can be written as 

k 

P = ^PiPi ® CTi, 
1=1 

where pi and erj are states on H and K respectively, and pt are positive numbers with Ya=i Pi = 
1. Otherwise, p is said to be inseparable or entangled (ref. [HE]). F° r the case that at least 
one of H and K is of infinite dimension, by Werner [16J, a state p acting on H ® K is called 
separable if it can be approximated in the trace norm by the states of the form 

n 

a = ^PiPi <X> (Ji, 

i=l 

where pi and Oi are states on H and K respectively, and pi are positive numbers with Y^=i Pi = 
1. Otherwise, p is called an entangled state. 
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It is very important but also difficult to determine whether or not a state in a composite 
system is separable. For 2x2 and 2x3 systems, that is, for the case dim ii = dim if = 2 
or dimH = 2, dim if = 3, a state is separable if and only if it is a positive partial trans- 
pose (PPT) state (see [21 13]), but it has no efficiency for PPT entangled states appearing in 
the higher dimensional systems. In [3], the realignment criterion for separability in finite- 
dimensional systems was found. A most general approach to characterize quantum entangle- 
ment is based on the notion of entanglement witnesses (see [2]). A Hermitian operator W 
acting on H K is said to be an entanglement witness (briefly, EW), if W is not positive 
and Ti(Wo~) > holds for all separable states a. Thus, if W is an EW, then there exists an 
entangled state p such that Tr(Wp) < (that is, the entanglement of p can be detected by 
W). It was shown that, a state is entangled if and only if it is detected by some entanglement 
witnesses [2]. However, constructing entanglement witnesses is a hard task. There was a 
considerable effort in constructing and analyzing the structure of entanglement witnesses for 
finite and infinite dimensional systems El [U [12] (see also [9] for a review). Recently, 
Hou and Qi in [12] showed that every entangled state in a bipartite system can be detected 
by some entanglement witness W of the form W = cl + T with I the identity operator, c a 
nonnegative number and T a finite rank self-adjoint operator. 

It is obvious that if p is a state on H <S> K , then for every completely positive linear map 
3> : 13(H) — > B(K), the operator ($(g)i)p £ B(K®K) is always positive; if p is separable then 
for every positive linear map <1? : B(H) — > B(K), the operator (<I> ® I)p is always positive on 
K (g> K (or, for every positive linear map $ : B(K) — > B(H), the operator (i ® <3?)p is always 
positive on H (g) H). For the finite dimensional cases, the converse of the last statement is 
also true since, due to the Choi-Jamiolkowski isomorphism, any EW on H K corresponds 
to a positive linear map : B(H) — > B(K). In [2], the following positive map criterion was 
established. 

Horodeckis' Theorem. ([2J Theorem 2]) Let H , K be finite dimensional complex Hilbert 
spaces and p be a state acting on H ® K. Then p is separable if and only if for any positive 
linear map $ : B(H) — > B(K), the operator (3> ® I)p is positive on K ® K . 

Recently, Hou in [T3] improved the above result and established the elementary operator 
criterion for infinite dimensional bipartite systems. 

The elementary operator criterion. ([131 Theorem 4.5]) Let H , K be complex Hilbert 
spaces and p be a state acting on H (g) K . Then the following statements are equivalent. 

(1) p is separable; 

(2) ($ (g> I)p > holds for every positive elementary operator $ : B(H) — > B(K). 
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(3) (&®I)p > holds for every positive finite rank elementary operator $ : 13(H) — > B(K). 

Therefore, a state p on H K is entangled if and only if there exists a positive finite rank 
elementary operator <E> : B(H) — > B(K) which is not completely positive (briefly, NCP) such 
that ($ <8> I)p is not positive. Thus it is very important and interesting to find as many as 
possible positive finite rank elementary operators that are NCP, and then, to apply them to 
detect the entanglement of states. 

The purpose of this paper is to construct some new indecomposable positive finite rank 
elementary operators and apply them to get some new examples of entangled states that can 
not be detected by the PPT criterion and the realignment criterion. Recall that, a positive 
map A is said to be decomposable if it is the sum of a completely positive map Ai and the 
composition of a completely positive map A2 and the transpose T, i.e., A = Ai + T o A2. 

The paper is organized as follows. Section 2 is devoted to giving some preliminary results 
on characterizing positive elementary operators and introducing a concept of the order of 
finite rank elementary operators (Definition 2.8). In Section 3, we give a simple necessary 
and sufficient condition for a pure state to be separable in bipartite systems of any dimension 
in terms of a special positive elementary operator of order (2,2) (Theorem 3.1). Then we 
use a class of positive finite rank elementary operators of order (3, 3) (see Theorem 3.2) to 
detect entanglement of some states (Example 3.3 and 3.4). The purpose of Section 4 is to 
obtain a new class of positive finite rank elementary operators of order (4, 4) that are not 
decomposable (Theorem 4.1), and then, apply them to detect the entanglement of two kinds 
of states (Example 4.2 and 4.3). Some new examples of PPT entangled states that can not 
be detected by the realignment criterion are obtained. Section 5 is devoted to discussing the 
general case. For any n > 3, a new class of indecomposable positive finite rank elementary 
operators of order (n, n) are constructed (Theorem 5.1) and the entanglement of two kinds of 
states are detected (Examples 5.4-5.5). In Section 6, a short conclusion is given. 

Throughout this paper, H and K are complex Hilbert spaces of any dimension, and (-|-) 
stands for the inner product in both of them. B(H, K) (B(H) when K = H) is the Banach 
space of all (bounded linear) operators from H into K. A G B(H) is self-adjoint if A = 
(A^ stands for the adjoint operator of A); and A is positive, denoted by A > 0, if (if)\A\if)} > 
for all |^) G H. For any positive integer n, denotes the direct sum of n copies of H. It 
is clear that every operator A G B(H^ n \ can be written in an m x n operator matrix 

A = (Ay)^ with Aij G B(H, K), i = 1, 2, . . . ,m; j = 1, 2, . . . ,n. Equivalently, B(H^ n \ K^) 
is often written as B(H, K) _M mX n(C). If $ is a linear map from B(H) into B(K), we can 
define a linear map : B(H^) B(K^) by <Z> n ((A i:j )) = ($(Aj))- Recall that $ is positive 
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if A G B(H) is positive implies that &(A) is positive; <E> is n-positive if <3? n is positive; <1? is 
completely positive if & n is positive for every integer n > 0. A linear map : B(H) — > B(K) 
is called an elementary operator if there are two finite sequences {^4i}" =1 C B(H,K) and 
{Bi}f =1 C B(K, H) such that = YTi=x A i XB i for a11 * G B ( H )- It was shown in [TO] 

that an elementary operator $ is of finite rank if and only if there exist finite rank operators 
Ai, Bi, i = 1, 2, • • • , k, such that $(X) = X^=i A,XBi. 

2. A CHARACTERIZATION OF POSITIVE ELEMENTARY OPERATORS 

In this section, we give some preliminary results on characterizing positive elementary 
operators, which are needed in this paper. 

Before stating the main results in this section, let us recall some notions from [11]. Let I, 
k G N (the set of all natural numbers), and let Ax, ■ ■ ■ , Ak, and Cx, ■ ■ ■ ,C\ G B(H, K). If, 
for each G (the direct sum of m copies of H), there exists an I x k complex matrix 

(ajj( | ■*/>))) (depending on \ip)) such that 

k 

c\ m) \^) = ^ l m)Af i) \^), i=i,2,-.. ,i, 

3=1 

we say that (Cx,--- ,C{) is an m-locally linear combination of (Ax,--- ,Ak), (ctij(\ip))) is 
called a local coefficient matrix at \ip). Furthermore, if a local coefficient matrix (otij(\^))) 
can be chosen for every G so that its operator norm IKa^'dV')))!! — 1> we sa y that 

(Ci, • • • , C;) is an m-contractive locally linear combination of (Ax, ■ ■ ■ , A*.); if there is a matrix 
(aij) such that Ci = ]Cj=i a ij A j f° r au *) we sa y that (Cx, ■ • • , Q) is a linear combination of 
(^4i, • • • , .Afc) with coefficient matrix (o^). We'll omit "m" in the case m = 1. Sometimes we 
also write {Aj}^ for (Al, • • • , Ak). 

The following characterization of m-positive elementary operators was obtained in |llj . 
also, see [13J. If m = 1, we get a characterization of positive elementary operators. 

Theorem 2.1. Let $(•) = ^« be an elementary operator from B(H) into B(K). 

is m-positive if and only if there exist Cx, ■ ■ ■ ,Ck and Dx, ■ ■ ■ ,D\ in span{Ai, • • • , A n } with 
k+l < n such that (Dx, ■ ■ ■ , D{) is an m-contractive locally linear combination of (Cx, ■ ■ ■ , Ck) 
and 

k l 
= Y,Ci(X)C\ -J2Dj(X)D} (2.1) 

i=l j=l 

for all X G B(H). Furthermore, $ in Eq.(2.1) is completely positive if and only if (Dx,- ■ ■ ,Di) 
is a linear combination of (Cx,-- - , C^) with a contractive coefficient matrix, and in turn, if 
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and only if there exist E\ , E2, ■ ■ ■ , E r with r < k such that 

*=i>(-)4- 

i=l 

It is obvious that if $(•) = Y^i=i A i{') B i sends self-adjoint operators to self-adjoint op- 
erators, then <3? can be represented in the form $(•) = £* =1 Ci(-)C} - Ej=i wi th 
Ci, • • ■ ,Cfc and Di, ■ • • ,-D/ in spanj^i,--- ,^4 n }. Furthermore, Theorem 2.1 says that, 3> 
is m-positive if and only if (D\,--- ,D[) is an m-contractive locally linear combination of 
(Ci, • • • , Cfc), and $ is completely positive if and only if (D\, • • • , Di) is a contractive linear 
combination of (Ci, • • • , Cfc). 

Since every linear map between matrix algebras is an elementary operator, by Theorem 
2.1, we have 

Corollary 2.2. Let H and K be finite dimensional complex Hilbert spaces and let $ : 
B(H) — > B(K) be a linear map. Then <& is positive if and only if there exist C\, • • • , Cfc, D±, ■ ■ ■ , 
Di G B(H,K) such that {Dj} l j =1 is a contractive locally linear combination of {Cj}^ =1 and 
H*) = Eti CiXCj - Y! j= i DjXD] for all X G B(H). 

If C C B(H,K), we will denote by Lp the subset of all finite-rank operators in C 
By Theorem 2.1, we can get some useful simple conditions to ensure that a positive ele- 
mentary operator is completely positive or not. The Corollaries 2.3-2.5 below can be found 

in [mis]. 

Corollary 2.3. Assume that $ = Y!l=i M') A \ ~ Ylj=i B j{-) B ) ■ ®{ H ) -> B(K) is a 
positive elementary operator. If any one of the following conditions holds, then $ is completely 
positive: 

(i) k < 2. 

(ii) dim(span{Ai, • • • ,A k } F ) < 2. 

(hi) There exists a vector \ip) G H such that {Ai\ip)}^ =1 is linearly independent. 
(iv) $ is [^}p-]-positive, where [t] stands for the integer part of the real number t. 
Corollary 2.4. Assume that $ = J2i=i M-) A l ~ T! j= i B j{-) B ] ■ B(H) -»■ B(K) is a 
positive elementary operator. If Q is not completely positive, then 

(i) k>3, 

(ii) dim(span{^i, • • • , A k } F ) > 3, 

(iii) For every vector \ip) G H , {^ilV'HiLi * s linearly dependent. 

(iv) Bj is a finite-rank perturbation of some combination of {Ai}^ =1 for each j = 1, 2, . . . , I. 

(v) ^[fe+i] is not positive. 
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Corollary 2.5. Assume that $ = ELi^(-)4 ~ T!j=i B j{-) B ] ■ B{H) -> B{K) is an 
elementary operator. If there exists some j such that Bj is not a contractive linear combination 
of {Ai}* =1 , then is not completely positive. 

The following result is easily checked and useful to us. 

Proposition 2.6. Let 



( 



B 



(tl,<2--- ,t n ) 



h -1 -1 
"I t 2 "I 



-1 



G M n (C). 



V -i -1 -i ••• t n ) 



Ifti>n—1 for each i = 1, 2, ■ ■ ■ , n, t/ien Bu lt2 ... ^ \ > ft/iai is, Bu lt2 ... j \ is semi-positive 
definite); ifU < n—1 for each i = 1,2, ••• , n, then B^ tlt2 ... ,t„) ^ 0. Particularly, B(t,t,---,t) ^ 
z/ and onZy if t > n — 1. 

Proof. Assume that £ j > n — 1 for each i = 1, 2, • • • , n. Then to = min{ii, t 2) • • • , i ra } > 
n—1. For any |x) = (£i,£2, • • • ,£,n) T G C ra , we have 

Wti,fa-A0l*> = *oEr=i l^l 2 - 2E^-^ 

> ioEr=il^l 2 -2E i < j l^ll^l 

= (to - n+ 1) ELi l^l 2 + (n - 1) ELi l^l 2 " 2E,<, 161 & | 
= (to - n + 1) E"=i l&l 2 + " I0D 2 > 0. 

which implies that ^(ti,t 2 --- ,t„) > 0. If tj < n — 1 for each i = 1,2, ••• , n, then i' = 
max{ti,t 2 ,--- A} < n - 1. Taking £ x = £ 2 = • • • = £ n / and let |x ) = (£i,£i, • • • ,£i) T , 
one gets (xo|-B(ti,t 2 ...,t„)|£o) < (*o ~~ n + l) n EiLi l£i| 2 < ^. It follows that B t 2 0, completing 
the proof. □ 
By using of above results, we can prove the following result. 

Proposition 2.7. Let H and K be Hilbert spaces and let {|i)}f =1 and {|i')}f =1 be any 
orthonormal sets of H and K, respectively. Denote Ey L = \j')(i\ £ B(H,K). Let A : B(H) 
B(K) be defined by 

A( tl!t2 ,.., t „)04) = E?=i*^4 " (E?=i E u) A (J2i=i En)* 



for all A £ B{H). If t{ > n /or eac/i i = 1,2,--- ,n, t/ien A/ tljt2j ... jtn \ is a completely positive 
map; if ti <n for each i = 1,2, ■■■ ,n, then ^(t 1 ,t 2 ,--- ,t„) ^ s n °t a positive map. Particularly, 
A(t,t,--.,t) ^ positive if and only if it is completely positive, and in turn, if and only if t > n. 
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Proof. For any unit vector \x) = (^1 , 5 • ■ • > 6n 0, 0, • • • ) T 6 H, consider the rank-one 
projection We have 



A(\x)(x\ 



(ti-i)l6l 2 


-66 


-66 





1 

••• 


-66 


(t 2 -i)|6l 2 •• 


-66 





••• 


-66 


-66 


• (in"l)|6| 2 





••• 














••• 














••• 



\ 



(2.2) 



) T in Eq.(2.2) and by 
n. Since Yn=i E a 



If ti < n for each i = 1, 2, • • • , n, taking \x) = (1, 1, . . . , 1, 0, 0, 
Proposition 2.6, we get A(|x)(a;|) ^ 0, and so A is not positive. 

On the other hand, assume that ti > n for each % = 1,2,- 
Ya=i -^(VtiEu) and ^™=i(^=) 2 - E"=i(^) 2 ^ X ' E™=i ^ is a contractive linear combi- 
nation of {^/tiEu, v / ^2-£'22) • • • s VtnE nn }. By Theorem 2.1, A is completely positive. □ 

For the sake of convenience, we introduce a terminology here. 

Definition 2.8. Let A : B(H) — > B{K) be a finite frank elementary operator. It follows 
from a characterization of finite rank elementary operators in [10] that there exist finite rank 
projections P G S(H) and Q E B(K) such that 



Let 



A(A) = QA(PAP)Q for all A £ B(H). 



(n,m) = min{(rank(P), rank(Q)) : (P,Q) satisfies the equation (2.3)}. 



(2.3) 



(n,m) is called the order of A, and we say that the elementary operator A is of the order 
(n, m). 



3. Positive finite rank elementary operators of order (2, 2) and (3, 3) 

In this section we will construct some positive finite rank elementary operators of order 
(2,2) and (3,3). Applying such positive maps, we give a simple necessary and sufficient 
condition for a pure state to be separable. We also use these positive maps to detect some 
entangled mixed states. 

Positive elementary operators of order (2, 2) are easily constructed. For example, Let H and 
K be Hilbert spaces of dimension > 2, and let {\i)}f™ H and {|i')}y=i be any orthonormal 
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sets of H and K, respectively. Let $o : B(H) — > B(K) be denned by 
$ (A) = E X1 AE\ X + E 22 AEl 2 + E 12 AE\ 2 



(3.1) 

+E2iAEl x - (E u + E 22 )A(E U + E 22 ) jf 



and 



* (A) = (2^11 + E 22 )A(2E U + E 22 y + E 12 AE 



(3.2) 



+E 2l AE\ 1 - (E u + E 22 )A(En + E 22 )^ 

for every A G B(H), where E^-j = It is obvious that both $0 and ^0 are positive 

because the map 



/ an 


a\ 2 1 










\ a 21 


022 J 






( an 


«12 


M 


\ «21 


022 , 





and the map 

3an + 022 012 
021 an 

on M2(C) are positive. A surprising fact is that such simple positive elementary operator of 
order (2, 2) will be enough to determine the separability of the pure states. 

Let U(H) (resp. U(K)) be the group of all unitary operators on H (resp. on K). For any 
map A : B(H) — > B(K) and any unitary operators U G U(H) and V G U(K), the deduced 
map A i->- V^A(U^AU)V will be denoted by A U ' V . The next result give a simple necessary 
and sufficient criterion of separability for pure states in bipartite composite systems of any 
dimension. This criterion is easily performed. 

Theorem 3.1. Let H and K be Hilbert spaces of dimension > 2, and let {\i)}f™ H and 
{\j')}j™ K be any orthonormal sets of H and K, respectively. Let $0(^0) : B(H) — > B(K) be 
defined by Eq.(S.l) (Eq.(3.2)). Then a pure state p on H K is separable if and only if 

(^' V ®I)p>0 ((^' V I)p > 0) 

holds for all U G U(H) and V G U(K). 

Proof. If a state p is separable, then ($^' y <g> I)p > ((^ ,V <g> I)p > 0) as (^ ,V ) is 
a positive map. 

Conversely, assume that p = |Y>)(Y>| is an inseparable pure state. Let = Ylk=i^k\k,k') 
be the Schmidt decomposition, where 61 > S 2 > ■ ■ ■ > with J2k=i^k = 1' and {1^)}^ 
and are orthonormal in H and K, respectively. Thus p = Ylkt=i °~kfik>\k, k')(l, l'\ = 

Y^kt=i^k^k' Eki <S> E^iy. Since p = is inseparable, the Schmidt number of \tp) is 

greater than 1 and hence 5\ > 5 2 > 0. 
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Up to unitary equivalence, we may assume that {|fc)}^ =1 = {|z)}f=i and {\k')}\, =l 
{|i')}f=i- Then, since ®o(E H ) = (ty (E k i) = 0) whenever k > 2 or I > 2, we have 



/ n n n _<5 1( 5 2 \ 











<5? 



51 



-8x52 








/ 3<5 2 






<5i 5 



1"2 













51 









0), 
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which is clearly not positive. □ 
Now let us consider the positive elementary operators of order (3, 3). 

Theorem 3.2. Let H and K be Hilbert spaces of dimension > 3, and let {|i)}? =1 and 
{\j')}j = i be any orthonormal sets of H and K, respectively. Let : B(H) — > B{K) be 

defined by 



and 



HA) = 2 Eti EuAEl + E 12 AE\ 2 + E^AE\ Z + E^Ae\ x 

-(Eii^)^(EL^) t 



= 2 Etl E U A 4i + E 13 AE 13 + £21^4l + ^32^2 

-(E-=i^)^(E-=i^) t 



(3.3) 



(3.3)' 



for every A G B(H), where Eji = \j')(i\. Then $ and are indecomposable positive finite 
rank elementary operators of order (3,3). 

Proof. We only give the proof that 3> is NCP positive. <&' is dealt with similarly. 

It is obvious that $ is a finite rank elementary operator of order (3,3). Also, it is clear 
from Theorem 2.1 that <I> is not completely positive because Ei=i E a is not a contractive 
linear combination of {y/2E\\, \^2E22, V2E33, E12, E23, £"31}. To prove the positivity of $, 
extend {\i}}? =1 and {\j')} 3 j=1 to orthonormal bases {\i)}f^ H and {\j')}f^{ K of H and K, 
respectively. Then every A G B(H) has a matrix representation A = (a^i) and the map <J> 
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maps A into 
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an + a 2 2 


-Ol2 


-Ol3 








-«21 


«22 + 033 


-023 








-«31 


-032 


033 + an 







































which is unitarily equivalent to 



S®0 



an + «22 

-0,21 
-0,31 



-ai2 

0,22 + 033 
-032 



-Ol3 ^ 
-023 
0>33 + On J 



By [13, Proposition 5.2], the matrix S is positive. So <&(A) is positive. The fact that $ is not 
decomposable will be proved by Example 3.3 or 3.4, completing the proof of the theorem. □ 

Next we use the positive maps in Theorem 3.2 to detect some mixed entangled states. 
These examples also imply that the positive maps in Theorem 3.2 are not decomposable since 
they can recognize some PPT entangled states. 

The states p in Example 3.3 was discussed in [S] and their entanglement were detected by 
constructing suitable witnesses. 

Example 3.3. Let H and K be Hilbert spaces and let {|i)}? =1 and {|j')}j=i be any 
orthonormal sets of H and K, respectively. Let \oj) = ^(|11') + |22') + 133')), and define pi = 
\u){u\, P 2 = |(|12')(12'| + |23')(23'| + |31')(31'|) and p 3 = |(|13')(13'| + |21')(21'| + |32')(32'|). 
Let p = Yh=i liPi an d Pt = (1 - t)p + tp , where % > for i = 1, 2, 3 with q 1 + q 2 + q 3 = 1, 
t G [0, 1], and po is a state on H ® K. By the positive finite rank elementary operators <3? and 
<£' defined by Eq.(3.3) and Eq.(3.3)', respectively, we obtain that, for sufficiently small t or 
for any po with (3> ® I)po = ($' <S) I)po = 0, the following statements are true. 

(1) If qi < qi for some i = 2,3, then pt is entangled. 

(2) Let po be PPT. Then p t is PPT if and only if qiqj > q\. Thus, if < % < qi < | and 
g < qj < 1 with q^qj > qf, where i, j G {2,3} and i ^ j, then p t is PPT entangled. 

In fact, by [12j . we need only to check the following: 

(1) ' if qi < qi for some i = 2,3, then p is entangled; 

(2) ' p is PPT if and only if qiqj > q\. Thus, if < qi < q\ < | and ^ < qj < 1 with 
qiqj > q\i where i,j G {2, 3} and i ^ j, then p is PPT entangled. 
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For the map <fr, we have 
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and 









u 











91 








9l \ 















93 




































92 




































92 




















P = 


1 

3 


9i 











91 








91 


©0 










n 
U 


u 


n 

u 


U 


U 


93 


n 
U 


n n 
U U 






























93 




































92 












I 91 











91 








91 ) 






3f<E> 8> I)(o) 


























51 T 93 


n 
\j 














-5i 







n 

\J 


n 

u 


51 


n 


52 + 53 























\j 


n 
\j 


n 


U 


U 


9i + 52 

















U 


U 


U 













5l + 52 





















-Qi 















5i+53 













-5i 























92 + 53 





































52 + 53 
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where = means "be unitarily equivalent to" , 



V 



91 +93 
-9i 
-9i 



-9i -9i 1 
91 + 93 -9i 
-9i 91 + 93 J 



V 



91 + 92 







9i + 92 




91 + 92 J 



and 



Ci = 



V 



92 + 93 





\ 




92 + 93 
92 + 93 J 

It is obvious that B\, C\ > 0. For Ai, by Proposition 2.6, we have A± ^ if 53 < q\ . It follows 
from the elementary operator criterion that p is entangled if < q±. Moreover, it is easily 
checked that p is PPT if and only if (7293 > q\- Thus we obtain that p is PPT entangled if 
< q 3 < qi < i and | < q 2 < 1 with q 2 q 3 > q\- 
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Similarly, by using of the map one gets the other half of the assertions (l)'-(2)'. 
The states pt in the next example were introduced in [12J firstly. 

Example 3.4. Let H and K be complex Hilbert spaces and let {\i)}f™{ H and {\j')}fj?[ K 
be any orthonormal bases of H and K, respectively. Let 

Ic^O = ^(111') + |22'> -h I33 7 )) and |u; 2 ) = -±={\12?) + |23') + |3l')). 
V 3 v 3 

Define p x = |wi)<wi|, p 2 = \cj 2 ){^2\ and p 3 = ±(\13')(13'\ + |21')(21'| + |32')(32'|). Let p = 
Ya=i QiPi and p t = (1 - t)p + tp Q , where % > for i = 1, 2, 3 with qi + q 2 + q$ = 1, * € [0, 1], 
and po is a state on if K. 

Hou and Qi in [12] proved that, if q 2 < or < %q 2 , then, for sufficient small t, pt is 
entangled; if q 2 < jqi or q\ < =q 2 , and if qiq 2 qs > qf + gf) then pt is PPT entangled whenever 
po is. Now, by using of the positive finite rank elementary operators <3? and <£' in Theorem 3.2, 
we can give a finer result. In fact, for sufficient small t, or for pq with (<£(g>/)po = (^'<8>-Opo = 

oo oo 

(for example, taking po = X)PiH)(*'l ® Pi ^ 0, ^ Pi = 1), the following statements 

are true. 

(1) If qi / c/2 or qi = q 2 > q 3 , then p t is entangled; 

(2) Let po be PPT. Then pt is PPT if and only if q\q 2 q 3 > qf + q 2 - Particularly, if qj = 2qi 
and |gj < q 3 , where i, j G {1, 2} and i 7^ j, then p t is PPT entangled. 

Still, we need only consider p and check the following: 

(1) ' If q\ / q 2 or qi = q 2 > q 3 , then p is entangled; 

(2) ' p is PPT if and only if q\q 2 q 3 > qf + gf- Particularly, if qj = 2qi and < 93, where 
i, j G {1, 2} and i 7^ j, then p is PPT entangled. 

For p = q\p\ + (72 P2 + 93P3, it is obvious that 
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Note that 

3($® J)(p) 
/ 



9l + 93 


A 
U 


n 
u 


n 
u 


-9i 


u 


n 
u 


n 


-91 





92 + 93 





























9i + 92 


-92 











-92 











-92 


9i + 92 











-92 





-Qi 











9i +93 











-91 

















92 + 93 





























92 + 93 














-92 


-92 











91 + 92 





-3i 











-91 











91 + 93 



0, 



which is unitarily equivalent to the operator A © B © C © 0, where 



A 



( 



\ 



91 + 93 
-Qi 
-91 



-qi -qi 

qi + 93 -51 
-qi 91 + 93 ) 



B = 



( 



\ 



qi + 92 -92 

-92 9i + 92 

-92 -92 



-92 
-92 

91 + 92 J 



and 



C = 



\ 



\ 



> 0. 



92 + 93 
92 + 93 
q 2 + 93 J 

For the matrices A and B, by Proposition 2.6, we get that A ^ if ^3 < q\ and B ^ if 
9i < 92- So (<£ © /)(/>) is not positive if ^3 < q\ or 91 < 92- It follows from the elementary 
operator criterion that p is entangled if q% < q\ or q± < qi- Note that p is PPT if and only 
if 919293 > q\ + ?2- Thus particularly we obtain that p is PPT entangled if q 2 = 1q\ and 
§91 < 93- 

Similarly, by applying the map one can get that the other half of the assertions (l)'-(2)' 
is true. 

4. Positive finite rank elementary operators of order (4, 4) 

In this section we construct a class of positive finite rank elementary operators of order 
(4,4). The following is our main result. 

Theorem 4.1. Let H and K be Hilbert spaces of dimension greater than 3 and let {|i)}^ =1 
and {|j')}j =1 be any orthonormal sets of H and K, respectively. Let <J>, $" : B{H) — > B{K) 
be defined by 

HA) = 3 Eti EuAEl + E 12 AE\ 2 + £23^3 + E 34 AEl 4 + E^AE^ 

-a:t=iEu)A(Y:t =1 Eu)i 



(4.1) 



14 



XIAOFEI QI AND JINCHUAN HOU 



$'(A) = 3 J2t=i E a AE \i + E n AE n + e 2±AE\ a + E^AE^ + E i2 AEl 2 



(4.1)' 



and 



$"(A) 



(4.1)" 



3 Etl #«^4 + ^14AE?} 4 + E 21 AE\ 1 + ^32^2 + ^43^4^3 

-(Eti^)^(Eti^) t 

/or every A G B(H), where Eji = Then 3>, <£', <J>" are positive finite rank elementary 

operators that are not completely positive. Moreover, $ and $" are indecomposable. 

Proof. Still, we only prove that is positivity but not completely positive. 

It is clear from Theorem 2.1 that <I> is not completely positive because Ylt=i E n ^ s not a 
contractive linear combination of {y/3Eu, . . . , V3.E44, £12, E23, E34, E41}. We will show that 
$ is positive. Extend {\i)}j =1 and {\j')}1j =1 to orthonormal bases {\i)}f^ H and {\j')}f^{ K 
of i7 and K, respectively. Then every A G B{H) has a matrix representation A = (a^). 
Obviously, <I> maps A = (a^) to the matrix 



HA) 



2an + a 2 2 — 012 
-021 2a 22 + 033 



-a 3 i 
-a 4 i 




-A32 

-a 4 2 




-ai3 

-023 
2a33 + «44 

-043 




-au 
-a 3 4 









2044 + an 




V 



\ 



/ 



Take any unit vector |x) = (xi, x 2 , X3, x 4 , X5, 



G H and consider the rank-one projection 



|x)(x|. Obviously, <3? is positive if and only if $(|x)(x|) > holds for all unit vector x G H. 
Since 



d>(|x)(x|) 



2\ Xl \ 2 + |x 2 | 2 
-x 2 x"i 
-X3X1 
—X4XI 




-x x x 2 
2|x 2 | 2 + |x 3 | 2 
-X3X2 
-X4X2 




-X1X3 
-x 2 x 3 
2|x 3 | 2 + |x 4 | 2 
-X4X3 




— X1X4 
-X2X4 
-X3X4 
2|x 4 | 2 + |xi| 2 












V 



we see that <&(|x)(x|) > if and only if 

( 2|xi| 2 + |x 2 | 2 -X1X2 

-x 2 x"i 2|x 2 | 2 + |x 3 | 2 

-X3X1 -x 3 x 2 

y —X4X1 —X4X 2 



M(x) 



-X1X3 

-X 2 X 3 

2\x 3 \ 2 + |x 4 | 
-X4X3 



— X1X4 

-X 2 X4 



-X 3 X 4 



2|x 4 | 



Xl 



> 0. 
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It follows from Proposition 2.6 that all the principal minor determinants with order less than 
4 of matrix M{x) are semi-positive definite. So, to prove the positivity of M(x), we need only 
to show that det(M(x)) > 0. Writing Xi = rie %e \ i = 1,2,3,4, we have 



M(x) = U 



2rf + r 2 —r\r2 

—r\T2 2r| + rf 

- ri r 3 -r 2 r 3 

—T\r± -r 2 r 4 



-rir 3 

-r 2 r 3 

2r| + rf 
-r 3 r 4 



— rir 4 ^ 
-r 2 r 4 
-r 3 r 4 
2r|+rf J 



where 



U 



V 





















je 4 



is a unitary matrix. It follows that <5 is positive if and only if the determinant 

2r\ + rf 



f(ri,r 2 ,r 3 ,r 4 ) 



-r\T2 
-rir 3 
-rir 4 



— nr2 
2rf + r§ 



-r 2 r 3 
-r 2 r 4 

,2 



-rir 3 

-^2^3 

2r| + r| 



-r 3 r 4 

r.2 _ 



-nr 4 

-^2r 4 
-r 3 r 4 

r.2 I J2 



> 



2r| + rf 

holds for all < Ti,r 2 ,r 3 ,r 4 < 1 with r\ + r\ + + r 4 = 1. This is the case since, by 
a computation, min f(r±, r 2 , r 3 , r 4 ) = (also, refer to the proof of Theorem 5.1). So $ is 
positive, as desired. 

Similarly, one can show that $' and $" are positive but not completely positive. The fact 
that 3> and <&" are indecomposable will be illustrated by Example 4.2 or 4.3 below. □ 
Now let us give some examples. 

The entanglement of the states p in Example 4.2 were studied in [8j by constructing suitable 
witnesses. We detect them by the positive maps obtained in Theorem 4.1. In addition, we 
also discuss the question when these states are entangled but cannot be recognized by the 
PPT criterion and the realignment criterion. 

Example 4.2. Let H and K be Hilbert spaces of dimension > 4, and let {|«)}f =1 and 
{|i')}j=i be any orthonormal sets of H and K, respectively. Let \ui) = ^((ll') + |22') + 
|33'> + |44'». Define Pl = p 2 = i(|12 / ><12'| + |23')(23'| + |34 / )(34 / | + |41 / )(41 / |), p 3 = 

|(|13')(13'| + |24')(24'| + |31 / )(31'| + |42')(42'|) and p 4 = ±(|14')(14'| + |21')(21'| + |32')(32'| + 
|43 / )(43 / |). Let p = Yli=i1iPi an d Pt = (1 — t)p + tpo, where % > for i = 1,2,3,4 with 
Ql + Q2 + <l3 + <?4 = 1, t G [0)1], and po is a state on H (g> K. Then for sufficiently small t, or 
for po with (<3? ® I) P q = <g) I) P q = <g) J)pp = 0, the following statements are true. 
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(1) If qi < qi for some i = 2,3,4, then p t is entangled. 

(2) Let po be PPT. Then p t is PPT if and only if q 2 q 4 > q\ and q 3 > q\. Thus, if 

< qi < q\ < \, \ < qj < 1 with q^j > q\ and < q\ < q 3 < 1, where i, j G {2,4} and i / j, 
then p t is PPT entangled; 

(3) if po is PPT, and if q\ <\, q% = \qi, qj = \ and q 3 = \ — 3qi, where i,j € {2,4} and 

1 ^ j, then is PPT entangled but can not be detected by the realignment criterion. 

We need only check p. 

Denote by Fkj the unit matrix with (k, £)-entry 1 and others 0. For p = Yli=i liPit we have 

p = |diag(gi, q 4 , q 3 , q 2 ,q 2 , qi, qi, <?3, <?3, Q2, qi,q 4 , qi, 93, Q2, qi) 
+ ^"(-^1,6 + ^1,11 + ^1,16 + ^6,1 + ^6,11 + -^6,16 
+■^11,1 + ^11,6 + ^11,16 + ^16,1 + ^16,6 + ^16,11 ) 

and 

4($®/)(p) 

= diag(2gi + q 4 , 2q 4 + q 3 , 2q 3 + q 2 , 2q 2 + qi,2q 2 + q x , 2q x + q 4 , 2q 4 + q 3 , 

2q 3 + q 2 , 2q 3 + q 2 , 2q 2 + qi,2q x + q 4 , 2q 4 + q 3 , 2q 4 + q 3 , 2q 3 + q 2 , 2q 2 + q x , 2q 1 + q 4 ) 

+ ^1,11 + ^1,16 + ^6,1 + ^6,11 + ^6,16 
+-Fll,l + F U> e + Fii,i 6 + Fi 6) l + Fi6 )6 + Fi6,ll), 

which is unitarily equivalent to 

( 2q 1 + q 4 -qi -q x -q x 
-qi 2q 1 + q 4 -qi -qi 

-qi -qi 2qi + q 4 -qi 
y -qi -qi -qi 2qi + q 4 

e(2g 3 + q 2 )I 4 {2q 2 + qi )I 4 0. 

Hence, by Proposition 2.6, we get that (3> <8> I){p) ^ if q 4 < q±, which implies that p is 
entangled if q 4 < q\. 
Note that 

p is PPT if and only if q 2 q 4 > q\ and q 3 > q\. (4.2) 

Thus we obtain that p is PPT entangled if < q 4 < q\ < ^, \ < q 2 < 1 with q 2 q 4 > q\ and 
< qi < q 3 < 1. This reveals that the positive map <3? can recognize some PPT entangled 
states and hence is not decomposable. 



(2<?4 + 93)^4 
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Thus \\p R \\i 



\diag(q 1 ,q 1 ,q 1 ,q 1 ,q 1 ,q 1 ,q 1 ,q 1 ,q 1 ,q 1 ,q 1 ,q 1 ,q 1 ,q 1 ,q 1 ,q 1 ) 
+ lf(-Fl,6 + ^6,11 + ^11,16 + -^16, l) + lf(-^l,ll + ^6,16 + ^11,1 + -^16,6) 
+ ^(-^1,16 + ^6,1 + ^11,6 + ^16,11) 
^ 9l 94 93 92 ^ 

92 91 94 93 

93 92 9l 94 
y 94 93 92 91 / 

I A 111 + 39i- By computation, we have that 
Mill = 



\q1h2 © = A © \q1h2 © 0. 



Ei=i 9, - 9192 - 9293 - 9394 - 9194 



(4.3) 



+ \\/Ya=i Qi + 3 (9i92 + 9293 + 9394 + 9i94)- 
it follows from Eqs.(4.2)-(4.3) that the PPT criterion and the realignment criterion are inde- 
pendent each other. It is also easy to construct entangled states that can not be recognized 
by the PPT criterion and the realignment criterion. In fact, we have that \\p R \\i < 1 if 91 < \, 



94 = ^9i, 92 = \ and q% = \ — "iq^. For example, ||p R ||i = 0.9411 < 1 if q\ 



1 r, 

7> 94 



j_ 

14' 



q2 = \ and 93 = |. Hence, in this case, the state p is PPT and cannot be detected by the 
realignment criterion. However it is entangled and can be recognized by the positive map <!> 
in Theorem 4.1. 

Similarly, by applying the map we have that p is entangled if 92 < 91, and, p is PPT 
entangled if < q2 < 91 < \, \ < 94 < 1 with g 2 94 > 9i and < qi < qs < 1. Thus, 
is indecomposable, too. Furthermore, if qi < j, q2 = \q\, 94 = \ and 93 = 5 — 3^2, then p 
is PPT entangled that cannot be detected by the realignment criterion. However, it can be 
detected by the positive map <J>" in Theorem 4.1. 

By applying the map we see that p is entangled if qs < q±. However, one should be 
careful that, in this case, p is not PPT. This means that we can not use p to check whether 
or not is decomposable. 

The following example is new. 

Example 4.3. Let H and K be complex Hilbert spaces of dimension > 4 and let {\i)}f^f H 
and {\f)}j™ K be any orthonormal bases of H and K, respectively. Let 

= i(|H') + |22') + |33') + |44'» and \co 2 ) = i(|12'> + |23') + |34') + |4l')). 

Define Pl = p 2 = |w 2 )(w 2 |, Ps = |(|13')<13'| + |24)(24'| + |31 / )(31 / | + |42')(42'|) and 

Pi = i(|14')(14'| + |21 / )(21 / | + |32 / )(32 / | + |43 / )(43 / |). Let p = Yh=i UPi and Pt = 0-t)p+tpo, 
where % > for i = 1, 2, 3, 4 with q± + q2 + 93 + 94 = 1, t € [0, 1], and po is a state on H <g) K. 
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By using of the positive finite rank elementary operators <£, <J>' and 4>" in Theorem 4.1, we 
get that, for sufficient small t or for any po with (<f> ® I)po = 1)po = (8> /)po = 0, the 
followings are true. 

(1) If qi / q2 or q\ = q 2 > q% for some i G {3,4}, then p 4 is entangled. 

(2) Let po be PPT. Then p t is PPT if and only if qi(q±ql - q%q 3 - qf) > ql{qiq 3 ~ <ll) > 
and (fefec/f - <7i<74 - - <7i(<?2<?4 ~ <?i) > 0. Hence, if, in addition, c/i / g 2 or q l = q 2 > qi 
for some i G {3,4}, then p t is PPT entangled. 

(3) If po is separable, and if \qi = qj < and q 3 = q 4 , where i,j G {1,2} and i / j, then 
p t is PPT entangled that cannot be detected by the realignment criterion. 

We need only deal with p. 

For p = qipi + q 2 p2 + q 3 p 3 + 4p4, it is obvious that 

P = If (-^1,1 + ^1,6 + ^1,11 + ^1,16 + ^6,1 + -^6,6 + ^6,11 + -^6,16 

+■^11,1 + ^11,6 + ^11,11 + ^11,16 + ^16,1 + ^16,6 + ^16,11 + ^16,16) 
+ ^(i*4,4 + ^4,5 + ^4,10 + ^4,15 + ^5,4 + ^5,5 + ^5,10 + ^5,15 
+-^10,4 + -^10,5 + -^10,10 + ^10,15 + ^15,4 + -^15,5 + ^15,10 + ^15,15) 
+ ^(-^3,3 + ^8,8 + ^9,9 + ^14,14) + ^(-^2,2 + ^7,7 + ^12,12 + ^13,13)- 

Note that 

4(4> O I)(p) = diag(2gi + q 4 , q 3 + 2q 4 , q 2 + 2q 3 , q x + 2q 2 , qi + 2q 2 , 2q 1 + q 4 , q 3 + 2q 4 , q 2 + 2q 3 , 
q 2 + 2<73, qi + 2q 2 , 2q 1 + q 4 , q 3 + 2q 4 , q 3 + 2q 4 , q 2 + 2q 3 , qi + 2q 2 ,2q x + q 4 ) 

— <7l(-Fl,6 + -Pi, 11 + ^1,16 + -^6,1 + i*6,ll + ^6,16 
+Fll,l + -^11,6 + -^11,16 + ^16,1 + ^16,6 + ^16,ll) 

— 92(^4,5 + -^4,10 + -^4,15 + -^5,4 + ^5,10 + ^5,15 
+-Fl0,4 + -Fit), 5 + ^10,15 + ^15,4 + ^15, 5 + ^15,lo)i 

which is unitarily equivalent to the operator ^4 © B © C © D © 0, where 



A = 



C = 



( 


2q\ + q 4 


-Qi 


-Qi 


-Qi 


\ 




( 


9i + 2(?2 


-Qi 


-Qi 


-Q2 


\ 




-qi 


2q\ + q 4 


-Qi 


-Qi 




,B = 




-Qi 


Ql + 2g 2 


-Qi 


-Q2 






-Ql 


-Qi 


2q 1 + q 4 


-Qi 








-Qi 


-Qi 


qi + 2q 2 


-Q2 




V 


-Ql 


-Qi 




2q 1 + q 4 


/ 




K 


-Q2 


-Q2 


-Q2 


qi + 2g 2 


/ 


/ 


Qi + 2(? 3 















( 


q?, + 2q 4 











\ 







92 + 2g 3 










,D = 







93 + 2g 4 


















<72 + 2q 3 















93 + 2<? 4 







V 











92 + 2<? 3 


J 




V 











93 + 2<74 


/ 
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It is clear that C, D > 0. For the matrices A and B, by Proposition 2.6, we get that A > if 
and only if q^ > q\ and B > if and only if 91 > 92- So (<!> (g) I)(/9) is not positive if q^ < q\ 
or q\ < q2- It follows from the elementary operator criterion that p is entangled if q^ < q\ or 
9i < 92- 

Next, consider the positive partial transpose of p. It is clear that 

pTx ^ ^-(-Fi,i + F 2i5 + F 3i9 + F 4j i3 + F 5j2 + ^6,6 + ^7,10 + ^8,14 

+-^9,3 + -^10,7 + ^11,11 + -^12,15 + -^13,4 + -^14,8 + -^15,12 + -^16,16) 
+ lf(-^l,8 + ^2,12 + ^3,16 + ^4,4 + ^5,5 + ^6,9 + ^7,13 + ^8,1 
+-^9,6 + ^10,10 + ^11,14 + -^12,2 + -^13,7 + -^14,11 + ^15,15 + -^16,3) 
+ f (F 3l3 + ^8,8 + ^9,9 + ^14,14) + f( i? 2,2 + ^7,7 + ^12,12 + Fi 3 ,i 3 ) 

= A 1 ®B 1 ®C 1 ®D 1 ®0, 

where 





/ 


?i 


92 














/ 


94 


9i 


92 





\ 


1 




92 


93 





9i 






1 




9i 


92 






































4 










9i 


92 






" 4 




92 





94 


9i 






V 





9i 


92 


93 


) 






V 








9i 


92 


/ 




( 


93 





9i 


92 


\ 






( 


92 








9i 


\ 


1 







9i 


92 









1 







94 


9i 


92 
































4 




9i 


92 


93 







" 4 







9i 


92 









\ 


92 








9i 


) 






K 


9i 


92 





94 


/ 



It is easy to check that A\ > if and only if q±q^ > q\ and q\q\ — 2q\q\q^ ~ Qi + it — 0> 
B\ > if and only if (72(74 > q\ and q\q\ — 2qfq2q4 + 9i — 92 > 0; Ci > if and only if 
9i93 > 9293 + 9i an d qfqi ~ 29i9 2 93 ~ qf + q\ — 0; an d D\ > if and only if (7294 > q\ and 
q\q\ - 2 9i9294 + qf - qi > 0- Hence 

p is PPT if and only if 

9i(9i9 3 2 - 9293 - 9?) > 9l(9i93 - 9l) > (4-4) 
and 92(9294 - 9i94 - 9 2 ) > 9i(9294 - qj) > 0. 

Particularly, 

if q2 = 2qi and 93 = 94 > 4gi, then p is PPT entangled. (4.5) 



This fact will be used below. 
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Now, let us apply the realignment criterion to p. The realignment of p is 

p R = \&&g{qi,qi,qi,qi,q\,q\,qi,q\,qi,qi,qi,qi,qi,qi,qi,qi) 

+ T(Fl,l6 + ^2,13 + ^3,14 + ^4,15 + ^5,4 + ^6,1 + ^7,2 + ^8,3 

+-^9,8 + ^10,5 + ^11,6 + ^12,7 + ^13,12 + ^14,9 + ^15,10 + ^16,ll) 

+ ^(■^1,11 + ^6,16 + ^11,1 + ^16,6) + if 0^1,6 + ^6,11 + ^11,16 + -^16,l) 



where 



^ qi 94 93 92 ^ 



A 



B 



92 9i 94 93 

93 92 91 94 
\ 94 93 92 91 / 

and denotes the direct sum of 3 copies of B. Then 



( 91 q 2 ^ 

92 9i 

92 9i 

^ q 2 9i J 



\p R \\i 



\Mi +3|LB||i 



qf - 9192 - 9293 - 9394 - 9194 



+ 1 V Ei=i Qi + 3 (9i 92 + 9293 + 9394 + 9i94) 



(4.6) 



+ l\fqj + 92 " 9192 + I \fq\ + 92 + 39192- 

Now a computation reveals that, if 9i < 92 = 2(/i and 53 = (74, then the trace norm 
\\p R \\i < 1. Note that, by Eq.(4.5), p is PPT in this case. Hence, we get another kind 
of examples of entangled states that are PPT and cannot be detected by the realignment 
criterion. 

Similarly, by using the positive map we obtain that p is entangled if q 2 < 91 or 93 < 92, 
and, if q 2 < yg, 91 = 2q 2 and 53 = (74, then p is PPT entangled that cannot be detected by 
the realignment criterion. 

By using the positive map <&', we see that p is entangled if 53 < q\ or q^ < q 2 . In this case, 
by Eq.(4.4), p is not PPT because q±q% - q\q?, - q\ < or g 2 94 - 9?94 - 92 < 0. 



5. Positive finite rank elementary operators of order (n, n) 

In this section we consider the general case, that is, constructing positive finite rank ele- 
mentary operators of order (n,n). The main purpose is to show that the following result is 
true. 

Theorem 5.1. Let H and K be Hilbert spaces of dimension > n, and let {|i)}™ =1 and 
{|j')}j=i be an V orthonormal sets of H and K, respectively. For k = 1, 2, • • • , n — 1, let 
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: B(H) -»• B{K) be defined by 



^(A) = (n - 1) ELi + £?=i 

-(EIU^)^4(EIU^) t 



(5.1) 



/or every A G B(H), where ir(i) = 7T 1 (i) = (i + 1) mod n, 7r fc (i) = (i + /c) mod n (k > 1), 
i = 1, 2, ■ ■ ■ , n and £jj = | . TTien are positive but not completely positive. Moreover, 
is indecomposable whenever either n is odd or k / ^. 
Proof. Obviously, <£>( fc ) is not completely positive for each k = 1, 2, ■ ■ ■ , n — 1. Similar to 
the proof of Theorem 4.1, to prove that = <&( 1 ) is positive, it is sufficient to show that the 
function 



/l,n(n,r 2 ,--- , r n) 

(n - 2)rf + r| -nr 2 -r\r 3 
—T\Ti (n - 2)r\ + r\ -r 2 r 3 

-rir 3 -r 2 r 3 (n - 2)r| + r| 



-T\T n 

-r 2 r n 
-r 3 r n 



-r\r n 



-r 2 r n 



-r 3 r n 



(n - 2)r~ + r{ 



> 



(5.2) 



for all (ri, r 2 , • • • , r n ) with < r\, r 2 , ■ ■ ■ , r n < 1 and YJl=i = 1. Other $( fc ) S are dealt with 
similarly. 

r 2 r 2 

We may assume that all r^s are nonzero. Let X{ = -^r-, i = 1, 2, . . . , n — 1, and x„ = 
Then xix 2 ■ ■ ■ x n = 1 and 



fi,n(ri,r 2 ,--- ,r n ) = (nr 2 • • • r n ) 2 /ii )n (xi, x 2 , • • • ,x n ), 



(5.3) 



where 



, X 2 , , X n J 

(n-2)+xi -1 -1 

-1 (n-2)+x 2 -1 

-1 -1 (n-2)+x 3 



(n - 2) + x n 



(5.4) 



, r n ) with 



with each x, > and xix 2 ■ ■ ■ x n = 1. It follows that fi >n > for all (r\,r 2 , 
< ri, r 2 , • • • , r n < 1 and X^=i r i 2 = 1 if and only if h\^ n > holds for all (xi, x 2 , ■ ■ ■ , x n ) 
with xi > (i = 1, 2, . . . , n) and Xix 2 ■ ■ ■ x n = 1. 
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Note that, the determinant in Eq.(5.4) can be formulated as 

hi, n {xi,x 2 , ■■■ ,X n )= -Mq + Mi Y2=\ Xi + M 2 J2i<j x i x j H 

+M& ^2i 1< i 2< ... < i k Xi x xi 2 • • • Xi k + ■ ■ ■ 
+M n _! Ei 1 <i 2 <...<i n _ 1 x h x i2 ■ ■ ■ x in _ x + M n xix 2 ■■■x n . 
The case of n = 3 is obvious. So we assume that n > 4 in the sequel. Since, by Proposition 
2.6, /ii, n (0,0, • • • ,0) = -M < 0, we have M > 0. By taking Xi = for 2 < i < n, it is 
easily checked that Mi = hi :Tl -i(l, 1, ■ ■ ■ ,1). Let Xj = for i > 3. A computation reveals 
that M2 = /ii, n -2(2, 2, ■ ■ ■ , 2) > 0. In general, one can check that 



M fc = hi in - k (k, k,---k)>0, k = 1, 2, ■ ■ ■ , n. 



(5.5) 



For example, 



M n _ 3 = hi t3 (n - 3, n - 3, n - 3) 



n-2 -1 -1 
-1 n-2 -1 
-1 -1 n-2 



(n - 2) 3 - 3(n - 2) - 2 > 0, 



M„_ 2 = /n >2 (ra-2,n-2) 



(n - 2) 2 - 1 > 0, 



n-2 -1 
-1 n-2 

M n _i = /ti, n _i = n - 2 > and M n = 1. Thus we have shown that M , Mi, M 2 , ■ ■ • M n G 
N U {0}. It is easily checked that foi, n (l, 1, ■ ■ ■ , 1) = 0. This leads to 



^M = M . (5.6) 
i=i 

Next, observe that if cij > and a±a 2 ■ ■ ■ a m = 1, then Y^=i a j — ^- ^ follows that 

^ ] X% x Xi 2 • • • Xi k > 1 (5-7) 

U<i2<---<ifc 

holds for each 1 < k < n. Eq.(5.7), together with Eq. (5.6), yields that h\ jn (xi, x 2 , ■ ■ ■ ,x n ) > 

holds for all (xi, x 2 , • • • , x n ) with X\x 2 ■ ■ ■ x n = 1. 

The last assertion will be proved by Example 5.4 below. The proof is finished. □ 
Remark 5.2. Let ir be any permutation of (1, 2, • • • ,n) and let ^ w : M n (C) — >■ M n (C) be 

the map defined by 

*,r(A) = diag{(n - l)an + 0^(1)^(1), (n - l)a 22 + 0^(2)^(2), • ■ ■ , (« ~ l)«nn + 07r(n)7r(n)} - ^ 

for every A = (ay) £ M n (C). By Theorem 2.1, Proposition 2.7 and the proof of Theorem 
5.1, it is easily seen that ^ n is a positive linear map that is not completely positive whenever 
7r 7^ id. 
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Remark 5.3. For any n-dimensional Hilbert space H , define 

. fe-i 

J fc = /,/, ,A yZ E ™ ~ ( k ~ 1 ) E kk), k = 1,2,- • • ,71-1, 

fc + 1) r-f 



1=1 



J.s 



-^{Eij + Sji), if k is odd and i < j, 
-^(iEij — iEji), if k is even and i < j. 

Relabel these n 2 — 1 matrices as J\, J2, ■ ■ ■ , J n 2 ~i- Then the n 2 — 1 matrices form a completely 
orthonormal traceless set and any n x n Hermitian matrix S can be written as the form 

1 n 2 -l 

S=-(/+ Vr/ fc J fc ), 
n 

k=\ 

where % £ R, = 1,2, ••■ , ra 2 — 1. Hence it is clear that the re x re hermitian matrices 
with trace 1 and the points in M™ 2-1 (the real linear space) are in one-to-one correspondence. 
The image A n of the set of all density matrices is a closed convex set in W 1 ~ l . Then every 
positive linear map $ : M n (C) — > M n (C) corresponds to a linear map M$ : M™ 2-1 — > IR™ 2-1 
that sends A n into A n . It was shown in [15] that every map represented by a matrix of the form 
M = (n—l)~ l R is positive, where R G 0(n 2 — 1), the orthogonal group of proper and improper 
rotations in M n2_1 ( [151 Theorem 4]). Some more can be said. In fact, M = (n — l) -1 /? 
corresponds a positive map whenever ||i?|| < 1. The positive maps in Theorem 3.1 may be 
obtained from this way. However, the positive maps in Theorem 4.1 can not be obtained from 
this way. For example, consider the map <3? in Theorem 4.1. By a simple calculation, we get 

I 9 3\/3 \ 

-y/3 11 4y/2 
\ -2y/6 -2V2 10 J 

It is clear that ||M|| > ^, and so [151 Theorem 4] is not applicable to our map here. 

In the following we give two examples that generalize the examples in Sections 3-4. 

The states p in Example 5.4 were suggested in [8] without analyzing their entanglement. 

Example 5.4. Let H and K be Hilbert spaces of dimension > n and let {|i)}™ =1 and 
{|i')}^=i be any orthonormal sets of H and K, respectively. Let \oj) = - E£=i I**')* D e fi ne 

Pl = \ u )(u,\, P2 = ±Zti( I ®s)\ti')(iA(i®sy, p 3 = i E? =1 (J ® s 2 )\u')(u'\(i ® 5- 2 )t, 

• • ■> Pn = i EILil 1 ® S ,n_1 )|w / }(^ / K J ® 5( n " 1 )) t , where 5 is the operator on K defined by 
S\f) = \(j + 1)') if i = 1,2, ■ • ■ ,n - 1, S\n') = |l') and S\f) = if j > n. Let p = £? =1 <Z*Pi 
and pt = (1 — t)p + tpo, where % > for i = 1, 2, • • • , n with E*=i % = 1> * e IPj 1]; an d Po i s a 
state on H®K. Then for sufficiently small t, or for po with <8> I) po = k = 1,2, ■ ■ ■ ,n — l, 
the following statements are true. 



M * = T8 
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(1) If qi < qi for some i = 2, 3, ■ ■ ■ , n, then p t is entangled; 

(2) Let po be PPT. Then p t is a PPT state if and only if qiqj > q\ for i, j with i+j = n + 2, 
i = 3, 4, ■ ■ ■ , n. 

It is enough to discuss the entanglement of p. For p = Ya=i QiPi' by using the map $ = 
in Theorem 5.1, it is easily checked that 



n($<g>i")(p) 

/ (n - 2)gi + q n -q x -q x 

-qi (n - 2)qi + q n -qi 

-qi -q x (n - 2)q l + q n 



\ -qi -qi -qi 

d((n-2)q n + 

© (( n _ 2 )g n _i + q n -2)In 



-qi 
-qi 
-qi 



(n - 2)q 1 +q n J 
((n - 2)g 2 + © 0. 



Thus, by Proposition 2.6, we get that p is entangled if q n < q±. 

Similarly, by applying the map in Theorem 5.1, we have p is entangled if g„+i_fc < qi, 
where k = 2, 3, ■ ■ ■ , n — 1. 

It is easily checked that p is PPT if and only if g^- > g^, where i + j = n + 2 and 
i = 3, 4, ■ ■ ■ , n. 

Moreover, if n is odd, or if n is even but A; 7^ ^, we can choose qi, q2, ■ ■ ■ q n so that 
q-n+i-k < qi < - and qiqj > qf whenever i + j = n + 2. It follows that p = Y^i=i qiPi ^ s PPT 
entangled which can be recognized by &( k \ Hence, 3>( fe ) is not decomposable. This completes 
the proof of the last assertion of Theorem 5.1. 

Example 5.5. Let H and K be complex Hilbert spaces of dimension > n and let H 
and {\j')}f^{ K be any orthonormal bases of H and K, respectively. Let \ui) = Ya=i I**') 
and |w 2 ) = ^(|12') + |23') + ■ ■ ■ + \(n - l)n') + |nl')). Define pi = p 2 = |w 2 )(w 2 |, 

P3 = ^Er^^^^KXii'K/®^), Pn = ±Zti(I®S n - 1 )\ti')(ti'\(I®S^), where 
S 1 is the same operator as in Example 5.4. Let p = Ya=i lit 3 * an< ^ Pt = ~ i)p + tpo, where 
qi > for i = 1,2, ••• , n with E£=i 5» = 1, t € [0,1], and po is a state on H <g) K. By 
using of the positive finite rank elementary operators <&( fe ) in Theorem 5.1, we can get that, 
for sufficient small t or for any po with (<3?( fc ) <8> J)po = 0, A; = 1, 2, ■ ■ ■ , n — 1, if q\ 7^ g 2 or 
<Zi = 92 > qi for some i G {3, 4, • • • , n}, then p t is entangled. 
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Still, we only need to consider the entanglement of p. For p = Y^=i QiPi-> with $ = as 
in Theorem 5.1, it is clear that 



n($<g> I)(p) 



[n - 2)qx + q n -qi -q x 

-qi (n - 2)<ji + q n -qi 

-qi -qx (n - 2)qi + q n 



^ (n - 2)q 2 + qi 



-92 

"92 



-9i -9i 
-92 -92 
(n - 2)g 2 + 9i -92 

-92 (n - 2)q 2 + qi 



-92 



-9i 
-9i 
-9i 



(n - 2)qi + q n J 



-92 
-92 
-92 



(n - 2)q 2 + 9i / 



\ -92 -92 

0fc =3 ((n-2)g fe + ^_ 1 )/ n eO 

So, by Proposition 2.6, (<3? ® is not positive if q n < q\ or q\ < (72. It follows from the 

elementary operator criterion that p is entangled if q n < q± or q\ < q2- 

Similarly, by applying the map $( & ) (j* = 2,3, ••• ,n — 1) in Theorem 5.1, one gets that 
p is entangled if g n +i-A! < Qi or < q2- Thus, we obtain that p is entangled if q\ 7^ q2 or 
91 = Q2 > Qi for some i G {3, 4, • • • , n}. 

Before the end of this section, we propose a question. 

Question 5.6. Let n > 4 be an even integer. Is the positive map <3?('2- ) defined in Theorem 
5.1 indecomposable? Particularly, is the positive map <£' defined in Theorem 4.1 indecompos- 
able? 

We guess that the answer is affirmative, but we are not able to prove it here. 

6. Conclusions 

Let H and K be complex Hilbert spaces of any dimension. By the elementary operator 
criterion [13], a state p on H (8) K is entangled if and only if there exists a positive finite 
rank elementary operator $ : B{H) — > B(K) that is not completely positive (NCP) such that 
(&(S>I)p is not positive. Hence it is important and interesting to construct positive finite rank 
elementary operators that are NCP. In this paper, we construct some new positive finite rank 
elementary operators and apply them to get some new examples of entangled states. We also 
give a necessary and sufficient condition for a pure state to be separable in terms of a special 
positive elementary operator of order (2,2). 

More concretely, for any positive integer n > 3, the NCP positive finite rank elemen- 
tary operators that we constructed are : B(H) -> B{K) defined by <5> {k \A) = (n - 
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1) EuAEl + Y2=i E i,^ii) AE U {{) - (Er=i ^(£?=i for every A G B(H), k = 
1, 2, • ■ • , n — 1, where {|i)}™ =1 and {|/)}" =1 are any orthonormal sets of i7 and K, respectively, 
Eji = and ir 1 = tt is a permutation of {1,2, • • • , n} denned by 7r(i) = (i + 1) mod n, 

7r k (i) = (i + k) mod re (k > 1), z = 1, 2, • • • , n. Moreover, we show that is indecomposable 
whenever either n is odd or n is even but k ^ | . We discuss two kinds of entangled states to 
illustrate how to use these positive maps to detect the entanglement of states. Especially, we 
study the examples in detail for the case n = 4 to determine when they are PPT and when 
they can be detected by the realignment criterion, and get some new examples of entangled 
states that cannot be recognized by the PPT criterion and the realignment criterion. 
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